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Abstract

Consider a group G of order M acting unitarily on a real inner product
space V. We show that the sorting based embedding obtained by applying
a general linear map o : RM*Y — RP to the invariant map B : V —
RM*N given by sorting the coorbits ((v, gdi)v)gec, where (¢:)N, € V,
satisfies a bi-Lipschitz condition if and only if it separates orbits.

Additionally, we note that any invariant Lipschitz continuous map
(into a Hilbert space) factors through the sorting based embedding, and
that any invariant continuous map (into a locally convex space) factors
through the sorting based embedding as well.

1 Introduction

Suppose that a specific learning task with input space V' is invariant under the
action of a group G. Then, it makes sense to construct a class of hypotheses
that factor into two parts: i. a group invariant part h : V' — Vi, where Vi is
some intermediate space, and ii. an “optimisable” part g : Viny — W, where W
denotes the space of all possible outputs. In this way, we can use an optimisation
algorithm to find ¢ in such a way that f = g o h fits some training data, and
the above construction ascertains that f : V' — W is invariant under the action
of G.

So, introducing the equivalence relation v ~ w : <= dg € G : v = gw on
V and assuming that V' has a norm ||-||y/, our goal becomes to construct maps
h:V — RP, where D € N is as small as possible, and h satisfies the properties:

1. Invariance. h(v) = h(w) for all v,w € V such that v ~ w.
2. Orbit separation. v ~ w for all v,w € V such that h(v) = h(w).

3. Bi-Lipschitz condition. There exist constants 0 < ¢ < C such that

cdist(v,w) < ||h(v) — h(w)]|2 < Cdist(v, w), v,we V. (1)

Here and throughout the paper, dist(v,w) := mingeg||v — gw||v denotes the
natural metric on the quotient space V/~.

The approach described above is an instance of invariant machine learning:
techniques designed to ensure that hypotheses are robust to specific changes in
the input data. More precisely, it is a special form of feature engineering, where
raw data is transformed into a more useful set of inputs.
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Feature transforms have been suggested in computer vision, for example,
where handcrafted maps such as the scale-invariant feature transform (SIFT)
[18] or the histogram of oriented gradients (HOG) [14] were created to be in-
variant to transformations like scaling, translation or rotation. The results we
present here were inspired by the two more recent papers [12} [16] and are a con-
tinuation of work presented in [3] 4 [5]. Similar approaches can also be found
in [T, 10, T1] and, most notably, [19].

Taking a wider view of the literature, there is another notable approach
to invariant machine learning which consists of propagating the invariance of
a problem through multiple equivariant layers: maps f : V. — W such that
f(gv) =gf(v)forallg € Gandallv € V. (Here, G is also assumed to act on W.)
The posterchildren for equivariant machine learning models are convolutional
neural networks (CNNs) [I7] which are translation invariant. (Though some
care has to be taken when defining “translation invariance” [2].)

A well-known generalisation of the CNN architecture in the same spirit is
the group equivariant convolutional network architecture [I3] which introduces
layers that can respect more general symmetries. Alternative approaches include
[22] (cf. also [9]) as well as [23].

1.1 Sorting-based embeddings

Let G be a finite group acting unitarily on a d € N dimensional real inner
product space V. One approach to construct maps that satisfy items 1 through
3 is to enumerate the group G = {g;}, and define the coorbits

KV — RM, KU 1= ((v,glq§>v (v,qu§>V)T,

for ¢ € V, where (-, -}y denotes the inner product on V. By choosing a finite
sequence ® := (¢;)., € V, sorting the coorbits, and collecting them in a matrix,
one obtains an invariant map

By : V — RM*N, Bo(v) := (sort(kg,v) ... sort(kgyv)),

where sort : RM — RM denotes the operator that sorts vectors in a mono-
tonically decreasing way. To reduce the embedding dimension, a linear map
a: RM*N _ RP can be applied to the sorted coorbits.

This idea was first introduced in [3] in the context of the action of the
group S, by row permutation on the space of matrices R™*™. The authors
demonstrated that the map v(X) := sort(XA separates orbits for full spark
matrices A € R™*Y with N > (n — 1)m!. They also showed that v satisfies
the bi-Lipschitz condition (inequality () if it separates orbits, and that o’ oy
satisfies inequality () for a generidd linear map o : R™*N — RP with N > 2n
and D > 2mn (provided that « separates orbits). Notably, the embedding
o’ oy passes through an intermediate Euclidean space of dimension larger than
(n — 1)m!, which grows rapidly with the matrix size.

The papers [12] [16] address this issue. In [16], among other things, it is shown
that v(X) := diag(B" sort(XA)) separates orbits for generic pairs (A,B) €
R*D x RPX™ with D > 2mn. Whether v satisfies inequality (I)) remained

Here, sort : R™*N — R™XN is the operator that sorts matrices column-wise.
2By generic, we mean that a statement is true in a non-empty Zariski open set.



an open question. In [I2], the authors show that, if o(X) := SXH ... XlD)
selects the maximal entries of the coorbits, then v := aofg : RY — R separates
orbits for generic sequences ® = (¢;)2; € R? with D > 2d, whenever G < O(d)
is a finite subgroup of the orthogonal d x d matrices. They also prove that
satisfies inequality (II) with high probability if D is sufficiently large, and they
pose the question whether v satisfies inequality () whenever it separates orbits.
This was affirmatively answered in [4], where it was shown that v = a0 g :
V — RP satisfies the bi-Lipschitz condition if it separates orbits for any finite
group G acting isometrically on V, provided that o : RM*N — RP gselects any
subset of the entries of 8¢ (v). Additionally, in [5], it was shown that such v
separate orbits provided that ® is chosen generically with respect to the Zariski
topology on V¥ and that the right subset of entries of B (v) is chosen.

1.2 Results

In this paper, we generalise the results of [3 [4] to encompass arbitrary linear
maps o : RM*N — RP which proves, in particular, that the embeddings v(X) =
diag(B T sort(XA)) satisfy inequality (I)) for generic pairs (A,B) € R™*P x
RPX™ when D > 2mn.

Theorem 1 (Main result). The embedding v = a o Bp : V. — RP separates
orbits if and only if it satisfies the bi-Lipschitz condition ().

Moreover, we remark that, as noted in [20], the hypothesis class of functions
that factor into an invariant and an optimisable part, as described at the begin-
ning of the introduction, can contain general invariant (Lipschitz) continuous
functions, if g is restricted to a sufficiently large class of functions.

Specifically, we note that any group invariant Lipschitz map into a Hilbert
space factors through ~.

Theorem 2. Let f: V — H be invariant under the action of G and Lipschitz
continuous with Lipschitz constant Cy > 0, where H is some Hilbert space. If
v=aopBs:V — RP separates orbits, then there exists g : RP — H Lipschitz
continuous with Lipschitz constant at most Cy/c such that f = go~y.

Remark 3. It is obvious that any composition of Lipschitz continuous maps is
Lipschitz continuous in turn. In particular, f = g o~y is Lipschitz continuous
(and invariant under the action of G) provided that g : R — M is Lipschitz
continuous, where M is a metric space.

Additionally, we note that any continuous group invariant map into a locally
convex space also factors through ~.

Theorem 4. Let f : V — Z be invariant under the action of G and continuous,
where Z is some locally convex space. If Y = a o fg : V — RP separates orbits,
then there exists g : RP — Z continuous such that g(RP) is a subset of the
convez hull of f(V) and such that f = go-y.

Remark 5. Vice versa, since compositions of continuous maps are continuous,
we have that f = g o~ is continuous (and invariant under the action of G) if
g : RP — Z is continuous, where Z is a topological space.



1.3 Examples

Finally, we want to remark that our main result does not hold for general ReLLU
neural networks and we want to provide two examples of setups in which our
results do apply.

Remark 6 (There exists an injective ReLU neural networks that is not bi-Lips-
chitz). A general ReLU neural network of depth L € N is a map N : R0 — R’z
of the form

N(z) =

W1£E+b1 lfL:L
WLp(...p(W1£E+b1)...)+bL if L >2,

where fg,...,¢;, € N denote the layer widths, p : R = R, p(z) := max{x, 0},
denotes the ReLLU activation function, which is applied component-wise to vec-
tor inputs, W}, € R *%-1 denote the weight matrices and by, € R’ denote the
bias vectors for k € [L].
A simple example of a map that is injective but not bi-Lipschitz is given by

f:R—R?

—(Lz+1) ifz<-1,

f(z) =< (x,0) it —1<z<1,
(Lz—1) ifl<a.

It is not hard to check that f is injective. At the same time, f does not satisfy
the lower Lipschitz condition because || f(z) — f(—z)||2 = 2 for z & [—1, 1] while
|z — (—2)| = 2|z| is unbounded.

The above map can readily be extended to a map fq : R — R**! for d € N
via fq(x) = fa(z1,22,...,24) = (f(z1),22,...,24). Additionally, f = f; can
be implemented as a ReLU neural network with two layers: indeed, choose

1 1
W1 = 1 , b1: —1
-1 -1

1 -1 0 -1

and note that N = f.

Ezample 7 (Permutation invariant representations). Let us consider the action
of the group S,, by row permutation on the vector space of matrices R"*"™.
This setup is naturally encountered in learning on graphs with m vertices, where
feature vectors of dimension n are associated to every vertex, if the hypothesis
is to be invariant under the permutation of vertices.

We want to come back to the permutation invariant embedding proposed in
[16] as a variation on the embedding proposed earlier in [3]: va 5 : R™*" — R,

va.B(X) := diag(B" sort(XA)), X e R™*",

where A € R"*P, B € R™*P diag : RPXP — RP is the linear operator that
extracts the diagonal from a D x D matrix and sort : R™*? — R™*P denotes
column-wise sorting of matrices.

In [16], it is shown that ya B separates orbits for almost every (A,B) €
R™*P x R™*D provided that D > 2mn. Additionally, one may note that ya B
can be evaluated in polynomial time. Indeed, evaluating ya B requires



1. a matrix multiplication of a matrix of dimension m x n and a matrix of
dimension n x D, which can be performed in O(Dmn) operations,

2. sorting D vectors of length m, which can be performed in O(Dmlogm)
operations,

3. computing D inner products of vectors of length m, which can be per-
formed in O(Dm) operations.

Overall, we have an evaluation complexity of O(Dm(n+logm)) which, assuming
that D = mn and m = n, is O(m?).

Our main result, Theorem [I] shows that va,B satisfies the bi-Lipschitz con-
dition: there exist constants 0 < ¢ < C such that

. B < _ < i —
¢ qin X~ PY|r < [l7a5(X) —7a8(Y)ll2 < € min X — PY]|r,

for all X, Y € R™*™. Computation of an upper bound for the Lipschitz con-
stant C is possible by Proposition For practical purposes, it would also be
interesting to lower bound the lower Lipschitz constant ¢ > 0. While this is
hard, in general, in some special cases it is possible.

Ezample 8 (Sign retrieval). In sign retrieval, estimating ¢ explicitly is simplified
by what is known as the o-strong complement property [7,[§]: we are interested
in the recovery of vectors x € R" from magnitude-only measurements

[(x,a:)],  iel[D], (2)

where (a;)2, € R" is a sequence of measurement vectors. Since x and —x
generate the same measurements, one typically aims to recover vectors up to a
global sign; i.e., up to the equivalence relation x ~y : <= x =y or x = —y;
or, up to action of the group G = {—1,1} on the vector space of signals R.

The action of the group Sy by row permutation on the vector space of ma-
trices RZX"™ is closely related to this sign retrieval problem as demonstrated in
[6]: indeed, Ba : R?*X"™ — R2XD,

Ba(X) := sort(XA), X € R?*",

where A € R"*P is a matrix with column vectors (a;)2, € R, separates orbits
if and only if all x € R™ can be uniquely recovered from the measurements (2])
up to a global sign.

However, not only the orbit separating properties of Sa are related to a
sign retrieval problem, also the bi-Lipschitz condition is related to the Lipschitz
properties of the sign retrieval operator A : R4/{—1,1} — [Rf,

A(x); = |(x,a;)], i e [D].

Indeed, the Lipschitz constant for the embedding Sa is exactly the Lipschitz
constant of A and thus given by the largest singular value o1 (A) of the matrix
A. Moreover, the lower Lipschitz constant for the embedding B4 is also exactly
the lower Lipschitz constant of A and thus exactly given by the quantity

= i 2A 2AC 3
c Srrgl%g}\/on( )+ 02(Age) (3)



as demonstrated in [6, [7]. Here, 0, () is used to denote the n-th singular value
(in decreasing order) of a matrix and Ag € R™*I5| denotes the matrix obtained
by only keeping the columns whose indices are elements of S C [D].

Equation @) can allow for relatively simple computation of the lower Lip-
schitz constant of the permutation-invariant embedding Sa. Indeed, consider
A € R?*3 whose columns are given by the Mercedes-Benz frame

() () )

as an example. Then, it is a simple exercise to show that ¢ = %

2 Continuous maps factor through sorting based
embeddings

In this section, we prove Theorems 2l and @ These two results are based on
two well-known extension theorems: the Kirszbraun extension theorem and the
Tietze extension theorem.

The precise version of the Kirszbraun extension theorem that we are going
to use is due to F. A. Valentine [21].

Theorem 9 (Kirszbraun—Valentine extension theorem). Let Hy, Hy be Hilbert
spaces, let S C Hy and let go : S — Hy be a Lipschitz continuous map with
Lipschitz constant C' > 0. Then, gg can be extended to a Lipschitz continuous
map g : Hi — Hs with the same Lipschitz constant C'.

We note that the above theorem implies that any Lipschitz continuous map
factors through any lower Lipschitz continuous map in the following sense.

Corollary 10. Let X be a metric space, let Hy, Hy be Hilbert spaces, let h :
X — H;i be lower Lipschitz continuous with lower Lipschitz constant cp, > 0 and
let f: X — Hy be Lipschitz continuous with Lipschitz constant Cy > 0. Then,
there exists g : Hiy — Ho Lipschitz continuous with Lipschitz constant at most

Cy/cn such that f =goh.

Proof. Let dx denote the metric on X and let ||
where i = 1, 2.

Since h is lower Lipschitz continuous, it is injective and thus invertible on its
range R(h). We may therefore define go := foh™!: R(h) C Hy — Hs. It clear
that go is Lipschitz continuous with Lipschitz constant at most C'/cy, since

lgo(x) = goW) sz, = ILf (A1 (@) = F(RT W), < Cpdx (W (), h ™ (y))

c
< e~ yllm,
Ch

H, denote the norm on H;

for z,y € Hy. Therefore, by the Kirszbraun—Valentine extension theorem, gg
extends to g : H; — Hy Lipschitz continuous with Lipschitz constant at most
Cy/cy. Finally, we have f = g o h by construction. O

Remark 11. Most likely this corollary has been proven before or been included
in a textbook as an exercise. We were unable to find a reference, however.



We can now prove Theorem

Proof of Theorem[2 Let ||-||# denote the norm on H.

__ Since f is invariant under the action of G, it descends through the quotient to
f:V/~ — H. Moreover, since f is Lipschitz continuous with Lipschitz constant
Cy, so is fi let v,w € V and let g € G be such that dist(v, w) = ||v — gw]|y.
Then, it holds that

-~ ~

1f([o]) = f([wDlla = 1f(v) = flgw)llm < Crllv — gwlly = Cf dist(v, w),

where [v] = {gv|g € G} denotes the equivalence class of v and [w] denotes the
equivalence class of w.

If v : V — RP separates orbits, then it satisfies the bi-Lipschitz condition
according to our main theorem. In particular, since v is also invariant under
the action of G, it also descends through the quotient to 7 : V/~ — H and 7 is
lower Lipschitz continuous with lower Lipschitz constant ¢ > 0.

By Corollary[I0} there exists g : | RP — H Lipschitz continuous with Lipschitz
constant at most Cy/c such that f = go7. Letting v € W, we also get

o~

fw) = F(lv]) = 9(3([v]) = 9(7(v)).
O

Similarly, the precise version of the Tietze extension theorem that we are
going to use is due to J. Dugundji [15].

Theorem 12 (Dugundji-Tietze extension theorem). Let Y be a metric space,
let Z be a locally convexr space, let S C 'Y be a closed subset of Y and let
go : S = Z be a continuous map. Then, go can be extended to a continuous
map g:Y — Z in such a way that g(Y') is a subset of the convex hull of go(S).

We note that this immediately implies that any continuous function factors
through any injective, relatively open function with closed range.

Corollary 13. Let X be a topological space, let Y be a metric space and let Z be
a locally convex space. Let h : X —'Y be an injective, relatively open map with
closed range and let f : X — Z be continuous. Then, there exists g : Y — Z
continuous such that g(Y') is a subset of the convex hull of f(X) and such that

f=goh.

Proof. Since h is injective, it is invertible on its range R(h). We may there-
fore define go := foh™t: R(h) CY — Z. Since f is continuous and h is
relatively open, it follows that gg is continuous. Since the range of h is closed,
the Dugundji-Tietze extension theorem implies that gy extends to a contin-
uous function g : Y — Z such that ¢g(Y) is contained in the convex hull of
go(R(h)) = f(X). Finally, we have f = g o h by construction. O

Remark 14. Again, this corollary has most likely been proven or, at least, men-
tioned before but we were unable to find a reference.

We can now prove Theorem [l



Proof of Theorem[]] Again, f descends through the quotient to j?: Vim— Z
and, since f is continuous, so is J? Because 7 separates orbits, our main theorem
implies that 7 satisfies the bi-Lipschitz condition. Of course, v descends through
the quotient to ¥ : V/~ — H and, since v satisfies the bi-Lipschitz condition, ¥
is bi-Lipschitz such that its range R(7) is closed and # is injective. Therefore, 5
is invertible on its range R(¥) and its inverse is Lipschitz continuous on R(7):
it follows that 7 is relatively open. By Corollary [[3] there exists g : RP —» Z
continuous such that g(RP) is a subset of the convex hull of f(V/~) = f(V)
and fA: go7. As before, we get f = gon. O

3 Preliminaries for the proof of Theorem [

3.1 Sorting coorbits
Denote the set of permutations that sort a vector x € RM by
L(x) := {0 € Sy | ox = sort(x)}.
Let us furthermore denote the stabiliser of x by
H(x) :={o € Sy |ox = x}.
The sets L£(x) and H(x) are related in the following way.
Proposition 15. Let x € RM and o € L(x). Then, L(x) = cH(x).

Next, we may denote

6(x) := min |z; — x|
() = min [z: ~ 2
:c.;;éxj
If the vector x is not constant, then §(x) is exactly a scalar multiple of the
distance of x to the next hyperplane of the form {x € R™|z; = z;}, for
i,j € [M] with i < j that does not contain x.

Proposition 16. Let x € RM. Then,

0(x)=  min (6 —e)X[loo = min |ox — sort(x)] eo-
G'GSJW\H(X) G’GSJW\ZZ(X)
Finally, let us denote the difference of the maximum and minimum of a

vector x by

A(x) := max z; — min z; = max |z; — z;|.
i€[M] i€[M] i,7€[M]



Introducing the matrix D € RM(M—1)/2xM

1 -1
: -1 M-1
1 1

D=0 1 -1 :
Lo M-—2
0 1 ~1
Ocevvvnne 0 1 -1 }1

we may write A(x) = ||Dx|oo, which shows that A(-) satisfies the triangle
inequality and is absolutely homogeneous. Finally, we note the following simple
inequality.

Proposition 17. Let x € RM. Then, §(x) < A(x).

Inspired by [4], we show a score of set inclusions and equalities. Let us start
by proving the following simple inclusions (cf. [4, Lemma 2.5 on p. 7]).
Lemma 18. Let x,y € RM be such that A(y) < 6(x). Then, L(x +y) C L(x)
and H(x +y) C H(x).
Proof. We show that £(x)® C L(x+y)°: if 0 € L(x), then we may find i, j € [M]
such that i < j and x,(;) < @,(;). Therefore,

To() + Yo(j) — Toli) — Yoli) = z?él[l&]m — ;| + 11611[5\141] Yi — max yi
Z»L?éwj
=4(x)—Ay) >0

such that ¢ ¢ L(x + y). Finally, pick ¢ € L(x+y) C £(x) and note that
H(x+y)=0"1L(x+y) Co1L(x) = H(x) according to Proposition I8 O

Using this lemma, we can show that the set of sorting permutations does
not change along certain straight line segments (cf. [4, Lemma 2.6 on p. 8]).

Lemma 19. Let x,y € RM be such that A(y) < 6(x). Then, L(x +ty) =
Lx+y) and H(x+ty) =H(x+y) fort € (0,1].

Proof. C. Let 0 € L(x + ty). Then, Lemma [I8 implies that o € £(x). So, let
i,j € [M] be such that i < j. There are two cases: either x,(;) = 2, ;) in which
case

X+Y)o) = (X+Y)o() = Yoti) — Yo(j) = t_l(tya(i) — Yo (j))
=t (X +t¥)o() — (X +1¥)0(5)) = 05
OF Ty(j) > Ty(;) in which case
X+Y)o) = X+ Y)o() = To(i) — To(j) + Yo(i) — Yori) = 0(X) — A(y) > 0.

Either way, (X+¥)s(i) > (X+¥)s(;)- Since,j € [M] were arbitrary, we conclude
that o € £(x +y).



D. The reverse inclusion follows because x+ty = t(x+y)+ (1 —t)y is a convex
combination of x +y and x. More precisely, we have that o € L(x+y) C L(x)
such that

(X +1tY)o@) = X+ Y)o@) + (1 = 1)2oe
> X+ Y)o() T (1= 8)T50) = (X +t¥)o()
for all ¢, j € [M] such that ¢ < j. Therefore, o € L(x + ty).

The equality for the stabilisers follows from the equality for the permutations
that sort by Proposition O

Next, we prove that the set of permutations that sort is stable on sufficiently
small hypercubes (cf. [4, Lemma 2.8, items 1 and 2 on p. 10]).

Lemma 20. Let p € N, (x3)!_; € RM, (cx)7_, € Ry and € € (0,1) be such
that

V4
A(xz+1)<5<2xk>, lep—1],
k=1
A(Z(ck — 1)Xk> <e- 6<Zxk>.

k=1

Then, it holds that

o) (S]] ().

k=1 k=1 k=1 k=1
3. (1—¢) 6<Zxk> §6<chxk> <(l+4e) 6<Zxk>
k=1 k=1 k=1

i = zp: + zp:(ck = )xy, A(Xp:(ck —~ 1)xk> < 5<zp: xk),
k=1 k=1

k=1 k=1 k=1
Therefore,
P P
E(Z ckxk> g E(ZX}c)
k=1 k=1

follows from Lemma [[8 We conclude that the stabilisers satisfy the same in-
clusion.

C. Applying Lemma [I§ inductively yields

£(ixk> - E(i"k) C-- C L(x1).
k=1 k=1

10



So,if o e LOh_;xx) and 7 € L h_; crxi) € L(O-F_ Xk), then

oxy = sort(xy) = 7X1,

o(x1 + x2) = sort(x; + x2) = 7(x1 + X2),

() (i) (5

such that ox; = 7x;, for k € [p]. Therefore,
P P P P P
sort Z CrXL =T Z CrXL = Z CLTXE = Z CrOX) = 0O Z CrXL
k=1 k=1 k=1 k=1 k=1
and o € L(>_}_; ckxy). It follows that the stabilisers satisfy the same inclusion.

Inequalities. Before proving the two inequalities, we establish the following
claim.

Claim. Let i, j € [M]. Then,

() () = (£ (5),

Proof of the claim. First, note that (ij) € H(>_%_, ckxx) if and only if (ij) €
H(>"h_, xk) according to item 2. Now, assume by contradiction that

() () (5) < (E4),

and consider the function f : [0,1] — R,

= (L ter — 1)) ()i — (x8);) s
k=1

which satisfies f(0) < 0 and f(1) > 0. By the intermediate value theorem, there
exists ¢t € (0,1) such that f(¢) = 0. By item 2 and

A(i((lth(ckl))l)Xk) t'A<i(Ck1 ) <t- 5<Zxk>

k=1 k=1
we may conclude that
P P
(ij) eH (Z(l + t(ck — 1))Xk> =H <Z Xk)
k=1 k=1

which contradicts the assumption (> p_; xx); < (O h—; Xk);. The reverse im-
plication follows by noting that

(’Lj) eH (i Xk> =H (i Ckxk>
k=1 k=1

11



contradicts the assumption (3} _; cxxx)i > (O_h_; cxxx); and exchanging the
role of ¢ and j.

Now, let i,j € [M] be such that (3"} _; cexk)i > (O_%_; ckxk); and

(o) () ()

Then, we may use the claim to see that

() (5 ~(5)

Vice versa, let i, j € [M] be such that (3°F_; xx); > (O h_; X&), and

(8] = (3] () -0

Using the claim once more yields

(Er) = (B ~(Be),

+ (i(l — ck)xk> - (zp:(l — ck)xk>

k=1 k=1
P P
Z 5(2 ckxk> - A (Z(Ck — 1)Xk>
k=1 k=1
P P
> 6<chxk> —€- 5<Zxk>
k=1 k=1
which proves the upper bound after rearrangement of the inequality. [l

Finally, we show that the set of permutations that sort remains stable on
sufficiently small hypercubes when we add a sufficiently small additional vector
(cf. [4, Lemma 2.8, item 3 on p. 10]).

12



Lemma 21. Let p € N, (xx)7_,,y € RM and (cx)}_, € Ry be such that

14
A(Xg+1)<6<zxk>, le [p—l],
k=1

k=1 k=1
1 p
Afy) < 5" 5<Zxk>
k=1
Then,
P p
E(Zxk +y> = E(ZCka +.Y>,
k=1 k=1
p p
H(Zxk +y> = H(chxk +Y>
k=1 k=1

Proof. Before proving the two inclusions, we show the following claim.

Claim. Let i, j € [M]. Then,

(Zxk> = (Zxk> — VEkep]: (xp)i = (X);
k=1 i k=1 j

Proof of the claim. If (3h_, xx)i = (3h_, xk);, then (i) € H(O ¥ _, xx). Ac-
cording to Lemma [I8 we have

(ij) € ’H(Zxk> c ’H(Zxk> C-- CH(x1).
k=1 k=1

Therefore,

(2]~ (5+),

which implies (xj); = (xx); for k € [p].

C. Let o€ LOh_1xk +y) € L3 h_;xk) (according to Lemma [I8) and let
1,7 € [M] be such that ¢ < j.
We may now consider two cases: if Y27 | (Xi)o(s) = Dopeq (Xk)o(j), then

p p
<ZCka +Y> - (Z%Xk +Y> = Yo (i) — Yo(j)
k=1 k=1

a(4)
p p
(Zxk+y> (Zxk+y> >0
k=1 o (i) k=1 a(j)

13
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according to the claim.
If, vice versa, Zizl(xk)g(i) > Zﬁzl(xk)a(j), then

P P
(chxk+y> —<chxk+Y>
k=1 a (i) k=1 a(4)
p p
= (Z Ckxk> - (Z Ckxk> + Yo(i) = Yo (j)
a(2) a(j)

k=1 k=1
P P
> 5(2 Ckxk> - Ay) = '5<Zxk> - Aly) 20,
k=1 k=1
where we use the claim in the proof of Lemma 20] and Lemma R0l itself. So,
in both cases (3_)_1 Xk +¥)o(i) = (O het Xk +¥)o(j)- Since 4,5 € [M] are
arbitrary indices satisfying ¢ < j, we can conclude that o € L(3 ¥ _; ckxi +y).

DN =

D.Let 0 € L _jaxe +y) C LOR_erxk) = L h_;xk) and T €
LOF _xk+y) € LO N _jaxk+y) € LOF_;xk). Then, we can show
that oxy, = 7%y, for k € [p], as in the proof of Lemma 20l Therefore,

P P P
J(chkary) sort(chxk+y> T<chxk+y>

k=1 k=1 k=1

implies oy = 7y. Finally, we have
p P P
sor‘u(Zx;c +y> = T(Zxk +y> = ZTXk + Ty = Zoxk + oy
k=1 k=1 k=1 k=1
p
=0 ( Z Xk + y)
k=1

such that o € L3 7, xk +y).

The equality for the stabilisers follows immediately. O

3.2 Stabilisers of the group action

The stabilisers H(v) := {g € G|gv = v} of vectors v € V under the group
action satisfy an inclusion similar to the one presented in Lemma [I§]

Lemma 22. Let v,w € V be such that
Jully < 5 min (e~ g)ollv-
2 g¢H(v)
Then, H(v 4+ w) C H(v).
Proof. Let g ¢ H(v) and consider

lg(v+w) = (v +w)llv = [l(e = g)vllv = 2ljwllv
> min [[(e = g)vllv —2[lwllv >0

g¢H (v)
such that g & H(v + w). O
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4 The proof of Theorem [

Throughout this section, we will work with the map 7 : V/~ — RP naturally
obtained from setting J([v]) = v(v) for v € V. Here, [v] = {gv|g € G} denotes
the equivalence class of v. Throughout the rest of this section, we will drop the
brackets and denote the equivalence class by v as well.

We will start by proving that 7 is Lipschitz continuous.

Proposition 23 (Lipschitz continuity). Let K : V — RMN denote the collection
of coorbits
Ry, U

Kov = , vevV,

H¢N’U

and let || K ||op := max,|, =1 Kv||2 denote its operator norm. Then,
7 (V/~,dist) = (RP, [|]l2)
is Lipschitz continuous with Lipschitz constant bounded by ||a|p=2 - | K |lop-

Proof. Somewhat similar to the proofs of [3] Theorem 3.9 on p. 15] and [4,
Lemma 2.3 on p. 5], we let v,w € V' be arbitrary and estimate

() =y (w)]l3
= ||a ((sort(rg,v) — sort(kg,w) ... sort(kgyv) —sort(kgyv))) Hz

2
< lallf_g - || (sort(rg, v) —sort(kg,w) ... sort(keyv) — sort(kgyv))||;
N N
= lallioy - Y _llsort(rg,v) —sort(rg,w)ll3 < @iy - Y llng, (v —w)l3
=1 =1
= lladlf oo 1 (0 = w3 < oo 1K13, - llo — w5
Now, let v,w € V and let g € G be such that dist(v, w) = ||v — gw||y. Then,

7 () =F(w)ll2 = l[7(v) = v(gw)ll2 < lallr-2 - [ Kllop - [l — gwllv
= [lallp—z - [[K]lop - dist(v, w)

as desired. O

Remark 24. If we choose an orthonormal basis for V' and express K as a matrix
with respect to that basis, then || K||op coincides with the largest singular value
of that matrix.

The inductive procedure for the rest of the proof of the main theorem (The-
orem [I)) is adapted from [4]. The argument for the base case is also contained
in [3].

Lemma 25 (Base case). If ¥ : (V/~,dist) — (RP,|-||l2) is injective and not
lower Lipschitz continuous, then there exists z1 € V, ||z1]lv = 1, at which the
local lower Lipschitz constant of ¥ vanishes; more precisely, there exist sequences
()2, (W), €V such that v; o w; fori € N, lim;_yoo v; = lim;_y00 w; = 21
and

) s(wle

= 0.
i—00 dist (Ui ,W;)
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Proof. Since we assume that 7 is not lower Lipschitz continuous, there exist
sequences (v;)52,, (w;)72, € V such that v; % w; for ¢ € N and

1o I = ()l

=0.
i~oo  dist(vg, w;)

The fraction is invariant under the transformation (v, w) — r(w,v), r > 0, such
that we can assume without loss of generality that ||v;|ly < ||w;i]ly = 1. Since
the unit ball in finite-dimensional vector spaces is compact, we can extract
subsequences along which both (v;)$2; and (w;)$2; converge. Let us pass to
these subsequences and define
f1 1= v = lim v, Weo 1= lim wj.
71— 00 71— 00

We may now use the continuity of v (which follows because 7 and thus ~ is
Lipschitz continuous) to see that

. () = y(wi) |2
_ — N . < =0.
30 =) = Jim (00 =7l < 2 Jim 1G22 g
Therefore, 7(vs) = v(ws ) and the injectivity of 4 implies that f1 = veo = gWeo
for some g € G. It follows immediately that || fi|lv = ||weo|lv = 1. We finally
define w} := gw; and note that v; ¢ w} for i € N, lim,;_,o w} = f1 and that

fon @) =@l _ ) =2 (w)le

=0.
i—oo  dist(v;, w)) isoo  dist(v, w;)

O

Before proceeding with the induction step, we prove the following lemma
which is similar to the first claim in the proof of [4, Lemma 2.13 on p. 19]. It
will be used in the proof of the induction step and the final theorem.

Lemma 26. Let p € N, p <d, let (f;)}_, € V'\ {0} be an orthogonal sequence
such that

k
Ve N ke [p—1]: Alkg, frsr) <6<anfj>- (4)
j=1
Let F := sp(fj)é-):l C V and assume that the local lower Lipschitz constant of
Ar : (F/~,dist) = (R”,|[]|2)

vanishes at f := fi + fa+ -+ fp. Then, 5 : (V/~,dist) — (RP,||-||2) is not
injective at f.

Proof. Let (v;)ien, (wi)ien € F be two sequences such that v; o w; for i € N,
lim; oo v; = lim; oo w; = f and

i 17i) = v(wi)ll2

=0.
i—»00 dist (’Uz‘ y wi)

Expand the sequences into the orthogonal basis ( fj)fz1 of F:
P P
'Uz':zcijfja wizzdijfja
j=1 j=1
where ¢;;,d;; € Rfori € N, j € [p].
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Claim. For ¢ € N large enough, we have
‘C("ﬁqﬁevi) = ‘C(’@Nf) = ‘C("iqﬁewi)’ te [N]

Proof of the claim. We only show the first equality. The second equality follows
in the same way: fix ¢ € [N] arbitrary and note that with the notation

16, llop = max kg, vl2,
llollv=1
we may estimate

A(Z(Cz‘j - 1)“¢sz> = ||D > ey = kg, fi
j=1

Jj=1

<V2-

p
> (e — Vg, f
j=1

o] 2

p p
< V2 ey = Ullkg, fill2 < V2lkg,llop - > _leis — I f5llv
j=1 j=1
1/2

P
< Vadllrg,llop - | D leis — 1PIAIF
j=1

= ¢ellop * = ¢ellop * 7 %
V2d| kg, | V2d|kg,llop - llvi = £l

D (e = 1)f

Jj=1

%

The right-hand side tends to zero as i — co. Therefore, there exists I, € N such
that for all 4 > I,

A(Z(% - 1)H¢efj> < 0(kg, f).

According to equation (@) (and Lemma 20), we can conclude that L(k4,v;) =
L(kg, f). Setting I := maxen) I; allows us to conclude that, for all i > I and
all £ € [N], L(kg,vi) = L(kg, f) as desired.

Now, let us pick (0¢))Y_; € S be such that o, € L(kg, f) for £ € [N] and
note that the claim implies that

[v(vi) = v(wi)ll2

= Ha ((sort(kg,vi) — sort(ke, w;) ... sort(kgyv;) — sort(keyw;))) H2
= ||a (0m¢1 (v —w;) ... ONKgy (Vi — wi)) H2,
for i € N large enough. So, let us define u; := (v; — w;)/||vi — ws||v. Since

the closed unit ball in F' is compact, we can find a subsequence along which w;
converges. Let us pass to this subsequence and denote its limit by u. Then, we
have |ju|ly =1 as well as

HCM(O'1H¢1’LL O—Nh:d)Nu)HQ Zi_igloHa(O'1H¢lui O'Nfid)Nui)HQ
. Ha (Jlnd)l(vi—wi) UNH¢N(vi—wi))||2
1—00 H’U% 7wZHV

< lim V@) =il _
imoo  dist(v;, w;)
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and thus « (0m¢1u o O‘NH¢N’LL) =0p.

We finally note that there exist arbitrarily small € > 0 such that f % f+ eu:
indeed, assume the opposite and we can find a sequence (€, )nen € Ry converging
to zero and a group element g € G such that f = gf+e€,gu for all n € N because
G is finite. Therefore, g stabilises f which implies €,gu = 0 for all n € N: a
contradiction to |lully = 1. So, let us pick such an e which also satisfies

€ < min M
te[N] A(kg,u)

Then, L(ke,(f+eu)) C L(ke,[f) for all £ € [N] according to Lemma[I8 and thus
picking (0¢)_, € S such that oy € L(ke, (f + €u)) for all £ € [N] guarantees
that

Y(f + eu) = o (sort(ke, (f + eu)) ... sort(kgy (f + €u)))
=a(oikg, (f+eu) ... onkgy(f+eu))
:a(01m¢1f O‘NH¢Nf) +e~o¢(am¢1u O’NH¢NU)
=a(o1kg, f ... onkgyf) =a(sort(ke, f) ... sort(keyf))
=(f);
i.e. 4 is not injective at f. O

We are now ready to prove the induction step (cf. [4, Lemma 2.13 on p. 19])

Lemma 27 (Induction step). Let p € N, p < d, and let (f;)7_, € V '\ {0}
be an orthogonal sequence such that the local lower Lipschitz constant of 7 :
(V/~,dist) — (RP,||"||2) vanishes at f := f1+ fo+ -+ fp, [ fill =1 and

k
Akg, frr1) < 5("%[ ij> : (5)

j=1

k
(9-9)> 1, ©)

1 )
I fraillv < 5+ min
2 ggH(SF_ )

v
for allk € [p—1], £ € [N].

If 7 is injective, then there exists fp+1 € (sp(fj)é-’zl)l \ {0} such that the
local lower Lipschitz constant of 4 vanishes at f + fpy1 and

A(kg, fp+1) < 5('% > fj>a

j=1

(9-e)d 1

ol <5 mi
1llv = min
e 2 ggH(SP_, 1)

)

\%4

for all £ € [N].

Proof. Let (v;)2,, (w;)$2, € V be such that v; o w; for ¢ € N, lim;_,oov; =
hml_,oo w; = f and

o I = (ol

= 0.
i—00 dist (Ui ,W;)
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Let (v4)22,, (w;)2, € (sp(fj)g’:l)J- denote the orthogonal projections of (v;)$2,,
(w; )52, onto the orthogonal complement of sp(f; )?:1- We may note that v; #£ 0
or w; # 0 for i € N large enough: indeed, assume by contradiction that there
exists a subsequence along which v; = w; = 0. Then, the local lower Lipschitz
constant of 7| : (F/~,dist) — (R”, ||-||2) vanishes at f, where F = sp(f;)}_, €
V. Lemma 26 now implies that 7 is not injective: a contradiction.

In the following, we assume without loss of generality that ||v;||v < ||w;llv #
0 for + € N by switching the roles of v; and w; if necessary. Now, write

p p
v = g cij fi + Vi, w; = E dij fi + wi,
i=1 i=1

where ¢;;,d;; € R for i € N, j € [p]. Next, we define

p
U; 1= wi_Ui+Vi:Z(dij —cij)fj—i—wi, i €N,

j=1

and note that [lu;lly > [lwiflv > 0 by the orthogonality of (f;)}_; and w;.
Finally, set

€ ) ' . 1 '
t; ’= ————— -min< min ||x (K ,——= - min —e
o i { i s 5000, ). 51 i 1o = s}

for i € N, where € < 1 and |[|kg,||op = maxy, —1]|s¢,v||2 denotes the operator
norm of the coorbit kg4, : V — RM for £ € [N].
We note that

p
lim ] < (ilggo >le ~ P14 |w|2v> ~ tim o~ I} =0,
=
lim ||u|lv < lim ||v; — w; ]y + lim ||vs||v = 0.
1—+00 i—>00 1—>00

It follows that ¢; — oo as ¢ — oo. So, let us assume that ¢; > 1 for the rest

of this proof. Finally, note that |t;u;||v is constant in ¢ € N. It follows that

t;u; converges along a subsequence. Similarly, ||t;villv = ti]|villv < tiluillv =
||t;u;]|v is upper bounded by a constant in ¢ € N such that ¢;v; converges along a

subsequence as well. Passing to these subsequences, we may write t;u; — u # 0
ﬁ.nﬁ. fi\yi — fp+1. Note that ||fp+1||V = 11m1_>.oo tiHvi”V < llmz_>oo ti||ui||v =
Uul|v-

Claim 1. The sequences
v; = f +tivi, w; = f + tiui, i €N,
achieve lower Lipschitz constant zero.

Proof of Claim 1. The claim is proven in two steps. In the first step, we bound
the denominator dist(v},w}): consider (g;)2; € G such that dist(v],w}) =
lg;vi — wi]|v. Since G is finite, there exists a group element g € G which occurs
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infinitely often. Let us pass to a subsequence along which this is the case. We
claim that g € H(f): indeed, let h ¢ H(f) be arbitrary. Then, we have

[hv; — willy = [[(h = e) f + ti(hvi — uq)|lv

> (b —e)fllv — tillhvi — ui|v

> — —t:(Ilv; )

> hg}}?f [(h —e)fllv — ti(llvillv + lluillv)

> — — 2t .

> hg}{}?f)ﬂ( e)fllv — 2t||willv

> 2til|uilly > tillvi — willy = [Jv; — willy > dist(v;, w;),

by the definition of ¢;. So, g € H(f) which implies that

p

gvi — Y (dij — cij) f5 — wi

j=1

dist (v}, w}) = t;||gvi — willv = t;

\%4

Now, we would like to use that H(f) C H(Zf;ll fi) € -+ € H(f1) which
follows from Lemma 22| by inequality (G)). Therefore, g € H(f;) for all j € [p]
and we have

p
dist(v], w)) = ti||gvi — Y _(dij — cij) f; — wi
Jj=1 1%
p p
j=1 j=1 \4

= tzHgvz — w1|‘v Z ti diSt(’Ui, wz)
In the second step, we consider the numerator ||y(v}) —~(w})||2. For alli € N
and ¢ € [N], pick arbitrary o, € L(kg,v;) and 7iy € L(kp,w;). Then, we have
[l (vi) = v(wi)ll2
= Ha (sort(kg, vi) — sort(kg,wi) ... sort(keyvi) — sort(kgyw;)) H2
= Ha (O’i1I€¢11}i - Til’id)lwi e O'iN’fd)N'Ui — TiN’id)lei) H2

B H (alm‘bl ( j=1Ciafi i ) — Ti1K¢, (qu dij f +Wi)

TiNFKoy (Zle cijfj + Vi) — TiNKgy (Z§:1 dij f5 + Wz)) H2 :

(7)

Next, we want to use that i, i, € L(kg, 25— ¢ijf;) for all £ € [N] and all
1 € N large enough.

Claim 2. There exists I € N such that, for all i > I and all £ € [N], we have

L(kg,vi) = L(kg, (f +vi)) € L(Kg, f) = E("vm Zcz‘jfj) (8)

Jj=1

Proof of Claim 2. Let us fix ¢ € [N] arbitrary. The first equality follows from
Lemma 2] and inequality (&) once

max {A(HW Z(Cij - 1)fj> ) A(’%Ni)} <

j=1

~0(Kg, f)- 9)

|~
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As part of the proof of Lemma 26, we had shown that
P
dim A (HM Z(Cz‘j - 1)fj> =0.
j=1
Additionally, we can show that

lim Ak vi) < V2 lim [k, vill2 < V2]kg,llop - lim [[vi]lv = 0.
i—00 1—00

17— 00

It follows that there exists an integer Iy € N such that both inequalities in
equation (@) are satisfed with i > I,.

The second inclusion in equation [ follows from Lemma [I§ due to inequal-
ity @). The final equality follows from Lemma 20 due to inequality (@) and
inequality (B). Setting I := maxyen I¢ finishes the proof of Claim 2.

Claim 3. There exists I € N such that, for all i« > I and all £ € [N], we have
L(kg,wi) = L(kg, (f +ui)) C L(Kg, [)- (10)

Proof of Claim 3. The proof is almost identical to that of Claim 2 once we
realise that

p
w; = Zcijfj + u;, i€ N.
Jj=1

We will therefore omit it.

Proof of Claim 1 (continued). Passing to the sequences starting at I, we recon-
sider equation (7)): we have

P P P
TitKg, Z cij fj = sort (mm Z cijfj> = Tk, Z cijfj
j=1 j=1 j=1
and thus
7 (i) = y(wi)l2
= Ha (oim¢1 (Zle cijfi + w) — Ti1Kg, (Z?Zl dijfi + \wi)
OiNKgx (Zle cijfj + Vz‘) — TiNKgy (Zle dij fi + Wz‘)) H2
— Ha (oilnmw — TilKg, (Z§:1(dij —cij) f5 + wi)
OiNKonVi — TiNKon (Z?:l(dij —cij)fi + wi)) H2 .
Next, we may use that o, 7o € L(kg, f) for all i € N and all £ € [N] to see that

tilly(vi) — y(wi)ll2 = tiHa (Uil’%l‘/i — TilR¢, Wi ... OiNK¢nVYi — TiNl-wNUi) H2
= HO‘ (Uil’%l(f +tvi) — Tinkg, (f + tiug)
OiNK¢Nn (f + tﬂ/i) — TiNK¢n (f + tzuz)) HQ

/ / ! /
= HO& (O’illﬁqsl’l}i—ﬁ'llidh’wi O'iNH¢NUi_TiN’€¢Nwi)H2'
(11)
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Finally, we want to use oy € L(kg,v}) and 7y € L(kg,w)) for all i € N and
all £ € [N]. The first inclusion is true because L(kg,(f +vi)) = L(kg, (f +1tivi))
is guaranteed by Lemma [[9 since

Alkg,tivi) = tilM(kg,vi) < V2|, villa < V2 kg, lloptillvillv
< V2 kg, lloptilluillv < 3(kg, f)

according to the definition of ¢; > 1. The second inclusion follows in exactly the
same way.
Returning to equation ([I]), we have

tilly(vi) = y(w)ll2 = |l (Gikg, v — Takg,w) ... CinkgxV; — TinKeyw]) |,
= || (sort(kg, vj) — sort(kg,wi) ... sort(keyv;) —sort(keywj))|,
= [ly(@i) = y(wj)ll2-

We finally conclude that

o @) =@l ) =2 w)le

=0.
i—>00 dist (’UZ/-, w:) T i—o00 diSt(’UZ‘, ’LUZ)

Remember that ¢;v; and ¢;u; are bounded sequences that converge to fpi1
and u, respectively, as i — oo. Therefore, v, and w} are bounded sequences that
converge to f + fp+1 and f 4+ u, respectively. Therefore,

I+ Fp) = 4 + w)ll2 = Jim [ly(e]) = ()2

< o 190D =Dl
~isoo  dist(v], w})

=0.

Now, the injectivity of 4 implies that f + fp+1 ~ f + u; i.e., for some g € G,
we have g(f + fp+1) = f + u. It follows that ¢ € H(f): indeed, assume, by
contradiction, that g ¢ H(f). Then, we have

0=1g(f + fps1) = (f +W)llv = (g — &) fllv — lgfp+1 —ullv
> min —e — —||u
_ggH(f)ll(g Vv =l foallv = llullv
> min —e —2||lullyy >0
> min (g —)fllv —2luly

because

1
= lim t]ui]y < > mi — .
July = Jim il < - min o= e)flv
Therefore, gfp+1 = w and thus || fp+1||v = ||u|lv > 0, which shows that fy41 #
0. Finally, let w! := g~ 'w! = f+t;g~ u;. Then, the sequences (v})2;, (w/)%2,
still achieve lower Lipschitz constant zero. Therefore, they achieve local lower
Lipschitz constant zero at f + fp+1. Now, fp41 is orthogonal to ( fj)?:l and

satisfies

[fp+1llv = Hm &iflvilly < lim ]|ui]lv
i—00 i—00
€ . . —1 1 .
= ——= - 1nin min ||k 5 K , =+ 1Inin — €
\/5 {ZE[N]H ¢l||op ( dnzf) 2\/5 g&H(f)”(g )fHV}
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Therefore,

At fpr) € V2 g fyalls < V2o, o - [ Fyeilly
< Wlop - it W 5300 f) < B, f)

and the lemma is proven. (|

Combining the base case and the induction step allows us to prove that
injectivity implies bi-Lipschitz.

Proof of Theorem [l Remember that 7 is Lipschitz continuous according to
Proposition Now, assume by contradiction that 7 is not lower Lipschitz
continuous. Then, Lemma 28] together with Lemma [27] show that there exists
an orthogonal basis ( fj)?zl € V such that the local lower Lipschitz constant of
~ vanishes at f:= f1 + fo + -+ + fg and

k
Vle [N keld-1]: A(K‘¢€fk+1) < 5(2 '%¢efj>'

j=1

It follows from Lemma 28] that 7 is not injective: a contradiction. (|
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